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I Abstract. A method of constructing (finitely generated and projective) right mod- 

,— - n ' ule structure on a finitely generated projective left module over an algebra is pre- 

■ sented. This leads to a construction of a first order differential calculus on such 

a module which admits a hom-connection or a divergence. Properties of integrals 

, associated to this divergence are studied, in particular the formula of integration 

by parts is derived. Specific examples include inner calculi on a noncommutative 
algebra, the Berezin integral on the supercircle and integrals on Hopf algebras. 

(N : 

> : 

1. Introduction 

The notion of a hom-connection or a divergence over a non-commutative algebra 
A was introduced in [2]. In [3] a construction of differential calculi which admit 
hom-connections was presented. This construction is based on the use of twisted 
multi-derivations, and the constructed first-order calculus is free as a left and 

| right ^-module. Since Q l (A) should be understood as a module of sections on the 

cotangent bundle over a manifold represented by A, the construction presented in [3] 
corresponds to parallelisable manifolds or to an algebra of functions on a local chart. 
In general, however, one should expect Q 1 (A) to be a finitely generated and projective 
module over A (thus corresponding to sections of a non-trivial vector bundle by the 
Serre-Swan theorem). The first aim of these notes is to extend the construction in [3] 
to finitely generated and projective modules. 

It has been argued in [3] that the canonical map defining the cokernel of a hom- 
connection should be interpreted as an integral. The motivation for this intepretation 
comes from [1] , where the integral on supermanifolds or the Berezin integral is shown 
to originate from a map which can be intepreted as a hom-connection termed a right 
connection in [4]. In the second part of these notes we show that the integral associated 
to hom-connections constructed in [3] allows one to use the integration by parts 
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method. This is further indication that indeed the cokernel of a hom-connection 
should be understood as a non- commutative integral. The final aim of these notes is 
to present examples of integrals and applications of the integration by parts formula. 
These include integrals associated to an inner calculus, properties of integrals on 
Hopf algebras, and the integral on the algebra of functions on a supercircle, which is 
explicitly shown to coincide with the Berezin integral as expected. 

The basic notion studied in these notes is that of a hom-connection or a divergence 
which we recall presently. Let A be an algebra over a field k. A first order differential 
calculus over A is an A-bimodule Q 1 (A) together with a map d : A — >■ VI 1 (A) which 
satisfies the Leibniz rule (i.e. d is an Q 1 (A)-valued derivation on A). A divergence on 
A is a k-linear map V : Rom A (n 1 (A), A) ->■ A such that, for all / G Eom A (Q l (A), A) 
and a G A, 

V(/a) = V(/)a + /(da), 

where fa is a right A-module map — > A given by uj (->■ f(au>). Here and below, 
given an A-bimodule M, Hom^(M, A) denotes the vector space of all right A-module 
maps M — >■ A and aHoul(M, A) that of left A-module maps. In terminology of [2] 
a divergence V is the same as a hom-connection (V, A) with respect to differential 
graded algebra with degree-one part Q 1 (A). 

2. Divergences on projective modules 

By a right twisted multi- derivation in an algebra A we mean a pair 
a : A — > M n (A) (M n (A) is the algebra of n x n matrices with entries 
d : A A n are k-linear maps such that, for &\\ a e A, b E B, 

(2.1) 9(a6) = d(a)<r(6) +ad(b). 

Here A™ is understood as an (A-M n (A))-bimodule. Thus, writing <x(a) = (a"ij(a))^ =1 
and 9(a) = (3j(a))" =1 , (2.1) is equivalent to the following n equations 

di(ab) = y~]Q?(a)<7ji(&) + adj(fc), i = 1,2, . . . , n. 

In contrast to [3] we do not require a be an algebra map. 

The definition of a twisted multi-derivation (<9, a) above is designed in such a way 
as to lead to a first order differential calculus. 

Lemma 2.1. Let (d : A — >■ A™, cr) &e a no/it twisted multi-derivation, and let M be 
an A-bimodule in which there are elements u±, u>2, ■ ■ ■ , ui n such that 

(2.2) ujja — a i j(a)u}j, i — l,2,...,n. 

j 



(<9, a), where 
from A) and 
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Then Q 1 (A) = M is a first order differential calculus on A with exterior differential 

(2.3) da = di(a)uj, 

i 

for all a G A. 

Proof. That d satisfies the Leibniz rule follows immediately from the twisted 
derivation property of d and relations (2.2). □ 

In view of Lemma 2.1 a right twisted multi-derivation (d,a) can be understood 
as a derivation in the bimodule M in which relations (2.2) hold. We now proceed to 
construct a class of such modules. 

A map a : A — >■ M n (A) can be viewed as an element of M n (Endk(A)) . We write 
• for the product in M n (End k (A)) and a T for the transpose of a in M n (End k (A)). 
Furthermore, an element 7r of M n (A) is understood as an element of M n (Endk(A)) by 
right multiplication, i.e. 

7Tjj : a i— >■ aiTij. 

In concordance with this I denotes the identity matrix both in M n (A) and in M n (End k (A)) . 

Definition 2.2. For a k-algebra A, let n G M n (A) be an idempotent and let 
<j, a : A — )■ M n (A) be k-linear maps such that, for all a, 6 G A, 

(2.4) a(b)a(a)'K = a(ba)n, a(l) = n, 
and 

(2.5) a{a)-K = na(a), 

(all equations in M n (A)). The triple (ir, a, a) is called a pre-projective system on A. 

A pre-projective system (ir, a, a) is called a projective system provided there exists 
an algebra map a : A — > M n (A) such that 

(2.6) a • cr T = I, a T • a = n , 

in M n (End k (A)) . A projective system is denoted by (ir, cr, a; a). 

Lemma 2.3. Let (n, a, a) be a pre-projective system on A. Then, for all a G A, 

(2.7) Tva(a)n = a(a)iY, ira(a) = a(a)7T, 

(2.8) TYo-(a)n = a(a)n, a(a)ir = a(a)ir 
and 

(2.9) na(a)TY = a(a)iY. 
Furthermore, for all a,b G A, 

(2.10) a(b)a(a)ii = a{ba)-K = o-(b)na(a), 
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and 

(2.11) a(b)a(a)n = a(ba)n, a(l)n = n. 

Proof. The first of equalities (2.7) follows by evaluating of (2.4) at b = 1. The 
second of equalities (2.7) is a consequence of the first one, equation (2.5) and the 
idempotent property of ir. Multiplying the second of equalities (2.7) by 7r and using 
the idempotent property of ty one obtains the fist of equalities (2.8). Then the use of 
(2.5) yields the second of (2.8). Next, (2.9) is a consequence of the first of equalities 
(2.7) and the second one of (2.8). The equalities (2.10) are a simple consequence 
of the second of (2.8) and the first of (2.4), and of the second of (2.7). Finally the 
second of (2.11) follows by the normalisation of a and the idempotent property of tt, 
while the first of (2.11) can be checked by a straightforward calculation that uses for 
example (2.5), the second of (2.8) and (2.10). □ 

In view of the above properties and, in particular, in view of the fact that a 
coincides with o~ when multiplied by n, the map a plays an auxiliary role; without 
losing much generality, one might assume that a = a in the pre-projective system 
from the onset. 

Proposition 2.4. Let M be a finitely generated projective left A-module with 
dual basis Ui £ M, rji £ aHohi(M, A). Write n = (77^- = rjj(oJi)) £ M n (A) for 
the idempotent associated to this dual basis. Assume that there exist k-linear maps 
a, a : A — >■ M n (A), such that (n, a, a) is a pre-projective system on A. Then: 

(1) M is an A-bimodule with the right multiplication 

(2.12) ma := ^ T] i (m) Qij{a)uj = '^2r] i (m)a ij (a)uj j , 

for all a £ A, m £ M . In particular, for all a £ A, 

(2.13) Uia = y ^^a i j{a)ujj = y ^^a i j{a)ujj, i — l,2,...,n. 

j j 

(2) If there exists an algebra map a : A — > M n (A) such that (n, a, a; a) is a projective 
system, then 

(2.14) aujj — ' s y^ j UjGj i (a), for all a £ A, % — 1, 2, . . . n, 

j 

and M is a finitely generated and projective right A-module. 

Proof. (1) The unitality of action (2.12) follows by the normalisation of a (i.e. 
by the second of equations (2.4)) and by the dual basis property. The associativity is 
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checked by the following calculation 

(ma)b = ^ Vk (rh(m)aij(a)u}j) a k i{b)ui 

i,j,k,l 

= ^2 Vi( m )vij(a)n jk vki(b)uji = ^2r}i(m)a ik (ab)uj k = m(ab). 

The second equality is a consequence of left A-linearity of the rji, and the third one 
follows by (2.10). Therefore, the right action (2.12) is associative. It is also left 
A-linear since all the rji are left A-linear. The relations (2.13) are an immediate 
consequence of the definition of a right A-multiplication, (2.5) and the dual basis 
property. The second equalities in (2.12) and (2.13) follow by the second of equalities 
(2.8) and the dual basis property which in particular affirms that u>i = . itijUj. 

(2) In view of the dual basis property, the second of equations (2.6) and relations 
(2.13) one can compute, for all a E A, 

3 3,k 3 

This proves the identities (2.14). 

Define k-linear maps & : M — > A by 

(2.15) & = X^' or fr' i = l,2,...,n. 

3 

Then, for all m E M, 

^ujiiiim) = ^2uJia ik (r] k (m)) = ^%(m)u; fc = m, 

i i, k k 

where the second equality follows by (2.14). This proves that M is generated by the 
cui as a right A-module. 

Next, for all o G A, m E M and i — 1, 2, . . . , n, 

&(raa) = ^ & n (jh (Vj( m )°jk(a)u k )) = ^ °u (Vj( m )^jk(a)n M ) 

j,k,l 

= ^2 &il ( r l3(' m ) 7r j k v k i(a)) = ^2 ° il (Vk(m)a k i(a)) 

j,k,l k,l 

= ^2 ° ir Mm)) ° rl (^ki(a)) = ii(m)a. 

k,l,r 

The second equality follows by the left yl-linearity of the rji (combined with the def- 
inition of the idempotent tt). The third equality is a consequence of equations (2.5), 
while the fourth one is the dual basis property. To derive the last two equalities the 
fact that a is an algebra map and the first of equations (2.6) were used. This proves 
that uji, £j form a dual basis for the right A- module M. □ 
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Corollary 2.5. In the setup of Proposition 2.4(1) assume that there is a right 
twisted multiderivation (d : A — > A n , a). Then Q 1 (A) = M is a first order differential 
calculus on A with exterior differential defined by the formula (2.3). 

Proof. Since the dual basis elements uoi satisfy equations (2.2), Lemma 2.1 yields 
the assertion. □ 

Lemma 2.6. Let (d : A — > A n ,cr) be a right twisted multi- derivation and assume 
that there exists tt e M n (A) and a : A — > M n (A) satisfying equations (2.5). Then 

d w :A^A n , a i — y d(a)n, 

is a a-twisted multi-derivation. Furthermore, in the situation of Proposition 2.4(1), 
the calculus (M,d w ) induced by (d n ,a) by the procedure described in Lemma 2.1 coin- 
cides with the calculus (M,d) induced by (d,a). 

Proof. Since ir intertwines a with a (i.e. equations (2.5) are satisfied), the o~- 
twisted multi- derivation property of d implies that (d w ,a) is a right twisted multi- 
derivation. To prove the second statement, first observe that, in view of (2.13), the 
method described in Lemma 2.1 can be applied also to (c^cr). Now, use that it is 
an idempotent corresponding to the dual basis Wj, rji for M to find that ^ di(a)u>i = 
Y^i^i{ a ) u i-> as required. □ 

Definition 2.7. Let (d, a) be a right twisted multi-derivation, where a is a part 
of a projective system (n,a,a;a). We say that (d, a) is projectively free, provided 
there exist a k-linear map a : A — >■ M n (A) such that 

(2.16) a»a T = l, a T • a = I , 

in M n (Endk(A)) . The notation (d : A — > A n , a; a, a, a; 7r) is used to record such a 
derivation. 

A projectively free right twisted multi-derivation (d, a; a, a, a; n) is said to be free 
if 7r = I (and then, necessarily, a — a). This is recorded as (d, a; a, a) 

An easy exercise (left to the reader) allows one to establish the following 

Lemma 2.8. If (d : A —> A n , a; a, a, a; %) is a projectively free right twisted multi- 
derivation, then a is an algebra map. 

In the case of a projectively free multiderivation, more can be said about the 
bimodule structure of a projective module induced by n. 
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Lemma 2.9. In the setup of Proposition 2.4(2) assume that there exists an algebra 
map a : A — > M n (A) that satisfies the second of equations (2.16). Then, for all 
f G Hom j4 (M, A), 

(2.17) / = 5>*ik(/K)), 

i,k 

where the are defined by equations (2.15) in the proof of Proposition 2.4(2). 
Proof. For all m G M, 
J~] (/ M) (m) = an (rji (a ik (f (u k )) m)) = a« (6i fc (/ (w fc )) r# (m)) 



= ^2 ° ir (° ik U i U k))) CTrl {Vl i m )) = (Wfc) <7fcZ (7ft (m)) 

i,k,l,r k,l 



The first equality records the definitions of the and the right A-action on the dual 
module Hom^(M, A), while the second equality uses the left A-linearity of the rji. The 
multiplicativity of a is used in the third step followed by the second of equations (2.16) 
in the fourth one. The fifth equality follows by the right A-linearity of /. Finally, the 
definition of the and the fact that ut, £k form a dual basis for the right A- module 
M are used in the derivation of the last two equalities. □ 



THEOREM 2.10. Let (d : A — > A n , a; a, a, a; n) be a projectively free right twisted 
multi- derivation on A, and let CI 1 (A) = M be the associated first order differential 
calculus built on a finitely generated and projective left A-module M with dual basis Ui, 
rji as described in Corollary 2.5. For each i = 1,2, ... ,n, write d? := Ylj k &kj°dj oa ki , 
where the dj are described in Lemma 2. 6, and define 

(2.18) V:Rom A (n 1 (A),A)^A, /^^^(/(^)) . 

i 

Then V is a divergence on A. 

Proof. First we need the following 

Lemma 2.11. (d a ,a) is a right twisted multi- derivation on A. 
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Proof. For all a,b 6 A, 
%(ab) = J2 ( d J ^{ab))) = °kj (dj (a kl (a)a H (b))) 

j,k j,k,l 

= E ° k 'j ( d r (&ki(a)) o r ,j {&n{b))) + E & kj (crki(a)dj (a K (6))) 

j,k,l,r j,k,l 

(£«(&))) + E aks (^( a )) a sj {dj (<ru(b))) 

j,k,l,r,s j,k,l,s 

fc,i,r I 

The second and fourth equalities follow by the multiplicativity of a and a respectively. 
The third equality is a consequence of the twisted derivation property of d n ; see 
Lemma 2.6. The first of equations (2.6) and the second of (2.16) lead to the fifth 
equality. The remainder is the definition of d a . □ 

With this lemma at hand, one can verify the Leibniz rule for V as follows. Take 
any / 6 Hom^fi-^A), A) and a G A and compute 

V(/a) = ^^(/a(^))=^^(/(a^)) = ^^(/(a;^<(a)) 

= E ^ CT UM) ** + E fM% (^( a )) 
= E a n/(^))a+E/(^(^( a ))) 

= V(/)a + E/(^(«K) = V(/)a + /(da), 

i 

where the second equality is a consequence of the definition of the right action of A on 
/. The third equality follows by (2.14) and the fact that / is a right A- module map. 
The fourth equality is a consequence of Lemma 2.11 and the next one uses the first 
of equations (2.16). The sixth equality follows by (2.14). The final equality follows 
by Lemma 2.6. □ 

If A is an algebra of functions on the Euclidean space W 1 , di are the standard partial 
derivatives and f2 1 (A) is the standard module of one-forms, then Yiom. a^I 1 {A), A) 
are simply vector fields and the formula (2.18) gives the classical divergence of the 
elementary vector calculus. This provides one with further justification of the name 
chosen for the abstract operation V. 

Definition 2.12. Let V be a divergence constructed in equation (2.18) in The- 
orem 2.10. The cokernel map A : A — > cokerV is called the integral on A relative to 
(d, a; a, a, a; 7r), where n is the idempotent matrix 7r^- = r)j(ui). 
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Theorem 2.13 (Integration by parts). Let A be an integral on A relative to a free 
multi-derivation (d, a; a, a). Then, for all i — 1,2, ... ,n and a,b G A, 

(2.19) A«(&)) = -5>(^(a)* K (&)). 

Proof. Since it is assumed that iXij = the module M = Q}(A) is free (both as 
a left and right A-module) and the right A-module maps ^ given by equations (2.15) 
satisfy £,i(ujj) = Sij. For alii = 1, 2, . . . , n and a E A, 

V(^)=E^(^W) = ^(a), 
j 

which implies that A(<9f (a)) = 0, for all a G A. Now apply Lemma 2.11 to the equality 
A(d?(ab)) = 0. □ 

3. Examples 

3.1. Inner calculi. In this section we construct an example of inner differential 
calculus based on twisted multi-derivations. 

Lemma 3.1. Let a : A ->• M n (A) be an algebra map. Fix 8 = (5 1: 8 2 , ■ ■ ■ , 8 n ) G A n 
and define 

(3.1) di : A — > A, a !->• 8j(Tji(a) — aSj, % — 1, 2, . . . , rz, 

i 

fi.e. <9 : A — >■ A n , 9(a) = 5<r(a) — aS). Then (d,a) is a right twisted multi-derivation. 
Proof. For all a, b G A, 

d(a)a(b) + ad(b) = 8a(a)a(b) — a8a(b) + a8a(b) — ab8 = 8a(ab) — ab8 = d(ab), 
since a is an algebra map. □ 

Lemma 3.2. Let M be as in Proposition 2.4(1). The calculus with ^(A) = M 
and d as in Corollary 2. 5 associated to the right twisted multi-derivation (d, a) of 
Lemma 3.1 is inner. 

Proof. Let D = £\ 8^, where Ui are the generators of the left A- module M. In 
view of the relations (2.13), one can compute 

da = 8jO-ji(a)uJi — 0,8^ = — a <W« = [D, a], 

i,j i i i 

hence the calculus is inner as required. □ 
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LEMMA 3.3. Let A be the integral on A relative to the free multi- derivation (d, a; a, a), 
where (d, a) is as in Lemma 3.1. Then, for all a e A, i — 1, 2, ... ,n, 

A ^y^gfci(^)gfcj(g)^ = A ^y^g^(^)^ . 

Proof. For all a & A, compute 

dU a ) = Yl ° k i ( Sl(Tl i (^«( fl ))) ~ ^ (°ki(a)5j) 

3 Mil JM 

= ^2 ° kr (^) ^ (^( a ))) ~~ ^ fer (^( a )) 

j,k,l,r j,k,r 

= °ki($i)vki(a) ~ ^flW)- 

The second equality follows by the multiplicativity of a, while the third one is a 
consequence of equations (2.6) and (2.16). By the same arguments as in the proof of 
Theorem 2.13, A(<9f (a)) = 0, and the assertion follows. □ 



3.2. Right integrals on Hopf algebras. As explained in [3, Section 4] a free 
right twisted multi- derivation (<9, a; a, a) leading to an integral A can be associated 
to any left covariant differential calculus on a quantum group or Hopf algebra A 
with a bijective antipode S. Let A be the comultiplication and e the counit on A. 
Following [5] , a left-covariant differential calculus on A is determined by k-linear maps 
8ij,Xi '■ A — > k, i,j = 1, 2, . . . , n, which satisfy the following relations, for all a,b E A, 

(3.2) Oijiab) = J2e ik (a)6 kj (b), %(1) = 

k 

(3.3) xMb) = Xj(a)8ji(b) + e(a)xi(b). 

j 

The dual space A* = Homt(A,k) is an algebra with convolution product f * g = 
if® 9) A, which acts on A from the left by ft>a = (id(8>/)(A(a)). The datum (3.2)- 

(3.3) gives rise to the following free right twisted multi- derivation on A 

(3.4) di(a) = Xi>a, ^(a) = %>a, a^(a) = (%o<T 1 )>a, ^(a) = (%o 1 S'~ 2 )>a. 

The module of one forms Q 1 (A) of a left-covariant differential calculus is free both as 
a left and right A-module (this reflects the fact that any Lie group is a parallelisable 
manifold), hence the idempotent matrix n is trivial and Theorem 2.13 yields 
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Lemma 3.4. Let 9^, Xi, i — 1 5 2, . . . , n be linear maps satisfying equations (3.2)- 

(3.3) , and let (d, a; a, a) be a free right-twisted multiderivation on A given by equations 

(3.4) . Denote by A the integral on A relative to (d,a;a,a). Then 

(3.5) A((xi° S~ 2 ) >a) = A {S 2 (d, (a))) = 0, 

for all a G A and i — 1, 2, . . . , n. Consequently, if A : A — >■ k is a right integral on a 
Hopf algebra A, then 

(3.6) A {( Xi o S~ 2 ) >a) = A {S 2 (d t (a))) = 0. 

Proof. By the same arguments as in the proof of [3, Theorem 4.1] one easily finds 
that df(a) = (xi°S^ 2 )>a, and hence the first assertion follows by (the proof of) 
Theorem 2.13. Equations (3.6) follow from (3.5) and [3, Theorem 4.1], whose second 
part asserts that any right integral on a Hopf algebra A factors through A. □ 



3.3. Integration on supermanifolds. In this section we describe a baby exam- 
ple of a supermanifold, which makes explicit the connection between integrals defined 
in Defintion 2.12 and the Berezin integral. Let A be a superalgebra of (integrable) 
functions on the supercircle S* 1 ' 1 . That is, an element a E A is 

(3.7) a(x,9) = a°(x) + a\x)6, 

where a 1 : [0, 1] — > K. are (integrable) functions such that a l (0) = a l (l) and 6 is a 
Grassmann variable, 9 2 = 0. The differentiation on A is defined by 

(3.8) d x a{x, 9) := + ^l dj a e a(x, 9) := a\x). 

ax dx 

One easily checks that d = (d x , do) is a right twisted multi-derivation with the diagonal 
, where 

o- ge J 

(3.9) a xx (a(x, 9)) = a(x, 9), a ee (a(x, 9)) = a(x, -9). 
The twisted multi-derivation (<9, a) is obviously free with a = a = a. 

Lemma 3.5. Let A be the integral on A relative to twisted multi-derivation (3.8), 

(3.9) . Then, for all a{x,9) = a°(x) + a\x)9 , 

(3.10) A(a) = I a 1 (x)dx, 

Jo 

i.e. A is the Berezin integral on the supercircle S 11 ' 1 . 
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Proof. This can be argued as follows. is a free module generated by dx 

and d6 hence any / G Hom^f^A), A) is fully determined by its values on dx and 
d9, i.e. 

f x (x,9) := f(dx)(x,6) = f2(x) + fi(x)6, f 9 (x,0) := f(d0)(x,O) = fl(x) + fi(x)0. 
The divergence V comes out as 

(3.11) V(/)(x, 0) = 0) - d e fo(x, 0) = - fl{x) + 

If a(a;, 6*) is purely even, i.e. a(x, 9) = a(x), then define f x (x, 9) = 0, fe(x, 9) = —a(x)9. 
Equation (3.11) yields, 

a(x) = V(f). 

Thus, the integral A vanishes on the even part of A, i.e. 

(3.12) A(a(x, 9)) = A(a°(x) + a\x)9) = A{a 1 {x)9). 
Since A is the cokernel of V, for all / € Hom J 4(f2 1 (A) , A), 

. A o V(/) = A (*M - + ^) = A . 

On the other hand, / e °(0) = / e °(l), so /g 1 £f${x)dx = 0. By the universality of A, 
A(a 1 (x)9) = a 1 (x)dx, and in view of (3.12), 

A(o°(x) + a\x)9) = [ a\x)dx, 
Jo 

as required. □ 

This example can easily be extended to all supermanifolds (with a compact, ori- 
ented body) thus explaining how integrals relative to the natural differential structure 
on a supermanifold yield Berezin integrals. 
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